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1. Introduction 



Abstract. We calculate the higher homotopy groups of the Deligne-Getzler 
oo-groupoid associated to an Loo-algebra and we describe Sullivan models for 
its connected components. As an application, we present a new approach to 
f**^ , the rational homotopy theory of mapping spaces. For a connected space X and 

^s^j ■ a nilpotent space Y of finite type, the mapping space Map(A", Yq) is homotopy 

^ ^ ' equivalent to the oo-groupoid associated to the Loo-algebra A(Z)L, where A is a 

| commutative differential graded algebra model for X and L is an Loo-algebra 

O model for Y . This enables us to calculate Sullivan models for the components 
of Map(X, Yq). 

t> 

(N 

H 

■ In [T7] Getzler associates an oo-groupoid 7. (0) to a nilpotent Loo-algebra which 
f-H I generalizes the Deligne groupoid of a nilpotent differential graded Lie algebra [T5] 

[T71 H3j • The oo-groupoid 7.(0) is equivalent to the 'integral' J g [22] and to the 
'nerve' £(0) [23]. In this paper, we consider an extension of Getzler's construction to 
complete Loo-algebras, i.e., inverse limits of towers of central extensions of nilpotent 
Loo-algebras. Our first main result is a calculation of the higher homotopy groups 
of 7.(0), which is new even for nilpotent 0. 

■ Theorem 1.1. For a complete L^-algebra g there is a natural group isomorphism 
5/ B: H n (0 T ) — > 7r„+i (7,(0), t), n>0, 

\Q • where q t denotes the L^-algebra q twisted by the Maurer-Cartan element r. The 

, group structure on Ho(0 T ) is given by the Campbell-Hausdorff formula. 

We stress that we put no boundedness or finiteness constraints on 0. This will be 
essential for our applications. Another reason for pointing this out is that the non- 
negatively graded case is well-understood by classical rational homotopy theory: 
Non-negatively graded complete of finite type correspond to Sullivan models of 
nilpotent spaces X of finite type, via the Chevalley-Eilenberg construction C*(g). 
In this situation, it is known that 7.(0) is a Q- localization of X, and Theorem ll.il 
recovers the result that the rational homotopy groups of a nilpotent space are dual 
to the indecomposables of its minimal Sullivan model [33]; see also [221 §6]. 
As a corollary of Theorem ll.il we obtain models for the components of 7»(0). 

Corollary 1.2. Let g be a complete Loo-algebra. The component of 7.(0) that 
contains a given Maurer-Cartan element r is homotopy equivalent to 7«(0>o)> where 
0> o denotes the truncation of g T . Hence, provided g is of finite type, the Chevalley- 
Eilenberg construction C*(0> o ) is a Sullivan model for the component 0/7,(0) that 
contains r. 

Our main application is within the rational homotopy theory of mapping spaces. 
The key to this application is the following result. 
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Theorem 1.3. Let X be a connected space and let Y be a nilpotent space of finite 
Q-type. If A is a differential graded algebra model for X and L is an L ^-algebra 
model for Y , then there is a homotopy equivalence of Kan complexes 

M&p{X,Y Q ) ~7.(A®i). 

This appears as Theorem 15.21 in the text. The following result is a direct conse- 
quence of Theorem 11.11 Corollary 11.21 and Theorem 11.31 

Theorem 1.4. Let X be a connected space and let Y be a nilpotent space of finite 
Q-type. Let A be a commutative differential graded algebra model for X and let L 
be an L^-algebra model for Y . There is bijection 

[X,Y Q ] = n 0l .(A®L) = MC(A®L)/ ~ . 

Moreover, given a map f : X — > Yq whose homotopy class corresponds to the equiv- 
alence class of a Maurer-Cartan element t € A®L, the Chevalley-Eilenberg con- 
struction C*((A(g>L)> ) is a Sullivan model for the component Map(X, Yq) f of the 
mapping space that contains f . In particular, there are bijections 

K n (A®L T ) 4 7r n+1 (Map(X,y Q ),/), n > 0. 

For n > 1 this is an isomorphism of rational vector spaces, and for n — it is 
an isomorphism of groups where the left hand side is given the Campbell-Hausdorff 
group structure. The Lie bracket on the left hand side corresponds to the Whitehead 
product on the right hand side. 

Rational models for mapping spaces have been studied before by many authors, 
see for instance [3 M E ED E3 US W\ and the recent survey [21 §3.1]. Buijs- 
Felix-Murillo [TT] prove the existence of an Loo-algebra structure on the space of 
derivations from a Quillen model for the source to a Quillen model for the target 
that models a given component of the (based) mapping space, but they do not give 
a direct description of the Loo-algebra structure. What is new with our approach 
is that we get explicit and computable Loo-algebra models for the components that 
are expressed in terms of natural constructions on models for the source and target 
— tensoring, twisting by a Maurer-Cartan element and truncating. Moreover, there 
are no constraints such as cofibrancy or minimality on the models for the source 
and target. In the last section we have included a number of calculational examples. 

During the preparation of this paper, we learned that variants of Theorem 11.41 
have been obtained independently by Buijs-Felix-Murillo [H] and Lazarev [35] using 
different methods. 

Acknowledgments. The author is grateful to Greg Lupton for discussions about 
the rational homotopy theory of mapping spaces, and to Ryszard Nest for helpful 
discussions about Deligne groupoids. 

2. Loo-algebras 

This section contains more or less standard material on Loo-algebras. 

Graded vector spaces. We work over a ground field k of characteristic zero. 
A graded vector space is a collection V — {Vf\i^% of vector spaces over k. We 
say that V is of finite type if each component Vi is finite dimensional. We say 
that it is bounded below (above) if Vi — for i <C (i ^> 0), bounded if it is 
bounded below and above, and finite if it is bounded and of finite type. We use 
the convention that V 1 = V~i- We think of upper degrees as cohomological and 
lower degrees as homological. The graded vector space Hom(V, W) is defined by 
Hom(V, W)i = n p+q=i Hom(V rp , W q ). The dual graded vector space is denoted 
y v = Hom(V,k), where k is viewed as a graded vector space concentrated in 
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degree 0. For an integer n, the n-fold suspension V[n] of a graded vector space V 
is denned by V[n]i = Vi- n . 

Loo-algebras. An Loo-algebra is a Z-graded vector space g — {gijiez together 
with maps 

£ r :0® r — >0, x\ <g> . . . ® x r i-> [xi, . . . ,x r ], r > 1, 
of degree r — 2 satisfying the following axioms 

• (Anti-symmetry) [. . . , x, y, . . .} = . . ,y,x, . . .]. 

• (Generalized Jacobi identities) For every n > 1 and all x\, . . . , x n Eg, 

n 

p— 1 cr 

where the inner sum is over all permutations a of {l,...,n} such that 
o\ < . . . < (j p and <7j>_|_i < . . . < cr„. The sign is given by 

£ = P+ (1^11^1 + !)• 

i<3, 
(TiXTj 

We will write S(x) — [x]. For n = 1,2,3, the generalized Jacobi identities are 
equivalent to 

5 2 {x) = 0, 

5[x,y] - [5x,y] + (-l)W[x,6y], 

[x, [y, z]} - [[x, y],z}- (-l)^'^^ [x, z}] = ±(S£ 3 + £ 3 6)(x ®y®z). 

In particular, g has an underlying chain complex, which we take to be homologically 
graded; 

^° 

• • • gi s- g a S- 0-1 9 

The binary bracket £ 2 satisfies the Jacobi identity up to homotopy, the ternary 
bracket £3 being a contracting homotopy. For this reason an Loo-algebra may be 
thought of as a Lie algebra 'up to homotopy'. 

An Loo-algebra concentrated in degree is the same thing as an ordinary Lie 
algebra, because in this case £ r = for r 7^ 2 for degree reasons, and the generalized 
Jacobi identities reduce to the classical Jacobi identity. An Loo-algebra g is called 
abelian if £ r = for r > 2. An abelian Loo-algebra is the same thing as a chain 
complex (g,5). An Loo-algebra is called minimal if its differential 8 = £ 1 is zero. 
An Loo-algebra with £ r = for r > 3 is the same thing as a differential graded Lie 
algebra (dgl) (g,S, [,]). 

The bar construction of an Loo-algebra. There is an alternative and more 
compact definition of Loo-algebras. An Loo-algebra structure on a graded vector 
space is the same thing as a coderivation differential d on the symmetric coalgebra 
A C 0[1]. The relation between d and the brackets is given by the following: write 
d = d\ + c?2 + • • •) where d r is the component of d that decreases word-length 
by r — 1. Each d r is a coderivation and is therefore determined by its restriction 
d r : A r c g[l] -> g[l]. The formula 

dy (^SX\ • • • sXf ^ — —I— s 1 ^ ... j x f J i 

defines d in terms of the higher brackets and vice versa. The condition d 2 = is 
equivalent to the generalized Jacobi identities for 0. 

The bar construction of an Loo-algebra is defined to be the cocommutative 
differential graded coalgebra 

= (A cfl [l],d) 
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If g is a dg Lie algebra, then ^(g) coincides with the classical construction due 
to Quillen .31, §B.6]. The Chevalley-Eilenberg construction C*(g) is by definition 
the dual commutative differential graded algebra C*(g) — ^(g) v . If g is of finite 
type, then C*(g) may be identified with (AV, d) where AV denotes the free graded 
commutative algebra on7 = g[l] v . 

Complete Loo-algebras. 

Definition 2.1. A complete Loo-algebra is an Loo-algebra g together with a de- 
creasing filtration g = Fig D L2J3 3 • • ■ , such that 

(1) [F r g, g, . . . , g] C F r+1 g. 

(2) For every r there is an N such that [g Al ] C F r g for all £ > N. 

(3) g is complete with respect to the topology defined by the filtration, i.e., the 
canonical map g — > \mig/F r g is an isomorphism. 

We say that g is profinite if, additionally, each quotient g/F r g is finite. 

Note that g is nilpotent in the sense of [T7J Definition 4.2] if and only if g admits 
a filtration as in Definition 12.11 with FnQ — for some N. In particular, if g is 
complete then each quotient g/F r g is nilpotent, and there is a sequence of central 
extensions of nilpotent Loo-algebras 

-» F r g/F r+1 g -> g/F r+1 g -> g/F r g -> 0. 

A comment about @ is in order. Nilpotence for Loo-algebras involves two 
conditions — not only should bracket expressions of large enough depth vanish, 
but also brackets of high enough arity. Unlike in the case of groups or Lie algebras, 
it is not automatic that nilpotence of the quotient in a central extension implies 
nilpotence of the middle term. For this reason we need to impose © . The stronger 
condition [F^g, . . . , F ik g] C F il+ ,,, +ik g implies both (JTJ) and (0). 

Complete Loo-algebras and Sullivan algebras. Recall [14, §12] that a Sullivan 
algebra is a commutative differential graded algebra of the form (AV, d) where V is 
concentrated in positive cohomological degrees and admits a filtration 

= V(-l) C V(Q) C V(l) C ... C V, V=[jV(k) 
such that dV(k) C AV(fc - 1) for all k. 

Proposition 2.2. The Chevalley-Eilenberg construction C* (L) is a finite type Sul- 
livan algebra if and only if L is a non-negatively graded, finite type, profinite Loo - 
algebra. Conversely, any finite type Sullivan algebra is isomorphic to C*(L) for 
some L. 

Proof. We may identify C*(L) = (AV, d) where V — L[l] v . Then V is concentrated 
in positive cohomological degrees if and only if L is non-negatively graded. Suppose 
given a filtration V(r) of V that exhibits (AV, d) as a Sullivan algebra. Since V 
is of finite type, we may assume that each V(k) is finite. If necessary, this may 
be achieved by setting W{k) = V(0p k + V(lp k - 2 + V(2)^ fc ~ 4 + . . .. If we let 
F r L C L = V[l] v be the annihilator of V(r) we get a decreasing filtration 

L = L_iL D F Q L D .... 

Each quotient L/F r L is finite since V(r) is finite. The condition dV(r + l) C AV(r) 
translates into the condition [F r L, L, . . . , L] C F r +\L. Since L/F r L is finite we 
have (L / 'F r L) >p = for some p. Since it is non-negatively graded this implies that 
brackets of arity > p + 2 vanish in L/F r L. □ 
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Maurer-Cartan elements. If g is a complete Loo-algebra the following series 
converges for every r 6 g_i 

k>l 

Here we write [r Afe ] for [r, ...,r] (fc copies of r). If .F(t) = then r is called 
a Maurer-Cartan element, and we let MC(g) denote the set of all such elements. 
Given t 6 MC(g) the series 

[ai,.. .,a r ] T = ^2 — [r Ak ,ai,...,a r ], r > 1, 

converge and define a new Loo-algebra structure on the underlying graded vector 
space of g [TTJ Proposition 4.4]. Denote this Loo-algebra by g T . 

Extension of scalars. Given a commutative differential graded algebra (cdga) A 
and an Loo-algebra g, we can extend scalars and form a new Loo-algebra A(&q with 
differential and brackets defined by 

S(x (Ei a) = cLa{x) ® a + {—ly x ^x ® d L (a), 

[x\ ®di,...,i r ®a r ] = (— 1)^*<3 I^H^'lx! . . .x r ® [ai, . . . , a r ], r > 2. 

If is a complete Loo-algebra and A is a cdga, we define a new complete Loo- 
algebra 

A®q := hm(A®g/L r g). 

This is the completion of the tensor product A (g> g with respect to the topology 
defined by the filtration F r (A g> g) = A ® L r g. Note that we have the relation 
A®(B®q) = (A®B)®q. 

Lemma 2.3. If L is a profinite Loo-algebra, then for any cdga A there is a natural 
bijection 

Rom cdga (C*(L),A) £ MC(A®L) 

Proof. For finite L, this follows as in (T71 Proposition 1.1]. For profinite L, the 
Sullivan algebra C*(L) is the union of the finitely generated Sullivan algebras 
C*(L/F r L) and therefore 

Hom cd9a (C7*(L), A) ~ ljmKom cdga (C* (L/ F r L), A) 

= lim MC(A ig) L/F r L) = MC(A(g>L). 

□ 

Convolution Loo-algebras. Let C be cocommutative differential graded coalge- 
bra (edge) and let L be an Loo-algebra. The convolution Loo-algebra Hom(C, L) 
has differential and brackets defined by 

*(/)=4o/-(-l) l/l /orf Cl 
[fl, ...,/r] =tn° (fl ® ••■ <8> /r) ° A W , r > 2, 

where L® r — > L denotes the r th higher bracket in L and A( r ) the iterated 
coproduct in C. The latter is defined inductively by A' 2 ) = A : C — » C ® C and 
A( r+1 » = (A( r '®l)oA:C^C 8r+1 . 

If L is complete with respect to a filtration F r L, then Hom(C, L) is complete 
with respect to the induced filtration F r Hom(C, L) = Hom(C, F r L). Similarly, if 

C is conilpotent, meaning C = UC(r) where C(r) — ker(A r ), and A denotes the 
reduced diagonal A(x) = A(x) — x<E)l — l®x, then Hom(C, L) is complete with 
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respect to the filtration L r Hom(C, L) = Hom(C(r),L). If we let A = C v be the 
dual cdga, there is a natural morphism of complete Loo-algebras 

A®L -> Hom(C, L) 

which is an isomorphism if C is of finite type and L is profinitc. 

3. Getzler's oo-groupoid 7,(0) 

In this section we will review the definition and some fundamental properties of 
the oo-groupoid 7»(fl) associated to a complete Loo-algebra q. 

The nerve of an Loo-algebra. Let f2. denote the simplicial de Rham algebra; it 
is the simplicial cdga with n-simplices 

_ k[t ,...,t n ] ®A(dt ,...,dt n ) J , _ 

(E*** - i,Ei dt i) 

Note that although f2 n is not of finite type, it is bounded; £l l n = if i < or i > n. 

Definition 3.1. The nerve of a complete Loo-algebra g is the simplicial set 

MC.(g) = MC(fi.®fl). 

Since MC commutes with inverse limits we have that 

MC.(g) = KmMC(fi. ®Q/F r f£). 

In particular, for nilpotent g this definition agrees with [171 125] . 

Proposition 3.2 (cf. [171 Proposition 1 .1]). Let L be a finite type non-negatively 
graded profinite Lao-algebra with associated finite type Sullivan algebra C*(L). The 
nerve of L is isomorphic to the spatial realization of C*{L); there is an isomorphism 
of simplicial sets MC.(L) = (C*(L)}. 

Proof. By definition, (C*(L)) = Hom c d ga (C*(L), fl,), so the claim follows from 
Lemma 12.31 □ 



Getzler's oo-groupoid 7.(0). For each n, the elementary differential forms 

k 

Ui ,...,i H = k\^2(-iyt i:j dt io . ..dti. ■ ■■dt ik G f2*, < i < . . . < i k < n, 

3=0 

span a subcomplex C n C Q n . The cochain complex C n is isomorphic to the normal- 
ized cochains N*(A[n]) on the standard n-simplex. The subcomplexes C n assemble 
into an inclusion of simplicial cochain complexes C, C Q m . Moreover, there is a 
projection P, : fl, — > C., and a contraction s. : fi* — > fi* -1 such that 

1 — P. = ds, + s,d, 

see [T7J. Getzler introduces the simplicial subset 

7.(0) = {ae MC.(g) I s.a = 0} C MC.(g). 

The definition of 7.(0) extends to complete by setting 

7.(0) = Iim7.(g/P r g). 

It follows from [TjJ Corollary 5. II] that the inclusion 7.(0) C MC.(0) is a homotopy 
equivalence of Kan complexes. We now will list some properties of 7.(0) that will 
be useful to us. 

Proposition 3.3 ([17, Proposition 5.1]). For abelian Loo-algebras g there is a 
natural isomorphism 

7.(fl) = r.(g[l]) 

where r.(g[l]) denotes the Dold-Kan construction on the chain complex 0[1]. 
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Proposition 3.4 ( \17\ Theorem 5.10]). A short exact sequence of complete Loo- 
algebras 

g' - - g" - 

induces a Kan fibration of simplicial sets 

7.(0') -7.(0) -7.(0") 

where 7«(fj') is identified with the fiber over G MC(g"). 

4. The homotopy groups of 7.(0) 

This section contains the proof of Theorem 11.11 and is the core of the paper. For 
g a complete Loo-algebra, we will define the natural map 

B n : H„(g T ) ->• ^+1(7.(0), r), n > 0, 

and prove that it is an isomorphism. We will first deal with the case r = 0. Then 
in Proposition 14.91 we will show how to reduce everything to this case. 

To simplify notation, let 7r„(g) = 7r„(7.(g),0) for n > 1 and 7r (g) = 770(7.(0)). 
Let 

k 

~: .. *i£< l;,/ < '"■ ■■■'ii' ■■■>n.. : ^1 

To simplify notation we will write 

uj n = u% n = n\dh ...dt n , 

r < n — , i n 

LUp — U> Q p n . 

When clear from context, we will simplify notation further by dropping the super- 
script. 

We note that the simplicial faces of uif are given by di (uif) — uj ii i — r and zero 
otherwise. Furthermore, with respect to the de Rham differential, we have that 
dcop = (— l) r uj. As another notational device, let us write 

57 = (<9 7, . . . , <9„7) 

for the simplicial boundary of an n-simplex 7. 

Definition 4.1. Let g be a complete Loo-algebra. Define 

B n - H„(g) -> 7r n+ i(fl), n > 0, 

by B n [a] = 

Proposition 4.2. The map B n : H„(g) — » 7r n+ i(g) is well-defined for all n>0. 

Proof. First of all, a ® to is a Maurer-Cartan element: Since 5a = and did = wc 
have (d + 5) (a <g> uj) = 0. Since ww = 0wc have [(a ® uj) At ] = for all I > 2. 

Suppose that [a] — [/3] G H„(g), say Sx = ol — /3 where x S g n +i- Then consider 
the degree —1 element 

A := (d + S)( X (-!)"" ® ^62 ~ (-ifMs)) 

= a®w 6 +/3®u; i - (-l)"x ® w. 
The simplicial boundary of Ao is 

(1) d\ = (a®u},f}®u},0,...,0). 

It is obvious that (d + S)Xo — and that [Aq ] = for all f > 3. If n > or one of 
a or (3 is zero, then also [Ao, Ao] = 0, so that A G 7^+2(0) in these cases. Then (Q} 
shows that [a (g) w] = [ft ®u;] G 7r„ + i(g). In the remaining case n = and a, /3 7^ 0, 
we have that 

(2) [Ao,A ] =-[a,/3] ®t 2 Woi2, 
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so Ao is not necessarily a Maurer-Cartan element in this case. However, using [T71 
Lemma 5.3] we can find an element A G 72(0) with the property that e 2 A = 0, 
P 2 R 2 X = A and 

(3) dX = (a®uj,(3 ®Lu 7 d 2 X). 

We will argue that [<9 2 A] = G tti(q). Then © shows that [a®w] = [/3<ga;] G 7Ti(g). 

The element A is obtained as a limit A = lim^oo Afe where the elements Afe are 
defined itcrativcly by 

(4) A fe+1 = A -^^[Af], fc>0 

where F = P 2 h\ + s 2 : fig -> f^ -1 . 

Observe that since [a, /?] = /3], ([2]) shows that [Ao, Ao] is a (5-boundary. More- 
over, by definition Ao € (^o(fl) ® ^2) © (fli ® ^1)- Assume by induction that 

• [Afe,Afc] and Afe — Ao are <5-boundaries. 

• A fc e (Z (q) <g Ql) © (01 <g f2|). 

Then it follows that the same is true for Xk+i- Indeed, for degree reasons [AC ] = 
for I > 3, so the iterative formula ^ reduces to 

Afe+i = A — -F[Afe,Afe]. 

This implies that Afe+i G (^o(0)®^2)©(0i®^l) an d that ^fc+i — ^0 is a (5-boundary. 
The identity 

[Afe+i,Afe + i] = [Aq,Ao] + [Afe + i — Ao,Afc + i + Ao] 
together with the facts that A^ + i — Ao and [Ao, Ao] are (5-boundaries and that Afe + 
Ao G (Z (g)®Ql)®(gi®Q 2 ) imply that [Ajt+i,Ak+i] is a (5-boundary. This finishes 
the inductive step. 

It follows that A — Ao is a (5-boundary. Since ^Ao = this implies that d 2 A 
is a (5-boundary. But since c>2A G 71(0) and d 2 X G Zq(q) eg) fl{ this implies that 
d 2 X = £ (g cjQi for some 5-boundary £ G 0o- It follows from the first part of the 
proof that [d 2 X] = G 7ri(s). □ 

Proposition 4.3. The map B n : H n (jj) — > 7T n +i(g) is a homomorphism of abelian 
groups for n > 1 . 

Proof. Let a, /3 G n be two cycles. Then wc would like to show that 

[far + (3) (g) u] = [a <gs u] + [f3 <g> w] G 7r n+ i(fl). 
This means that we have to find an element A G 7«+2(0) with simplicial boundary 

d\ = (a <g u>, (a + /3) <g u, [3 <g w, . . . , 0). 

We claim that 

A = a (g + (a + /3) <g wj + /3 (g 

satisfies the requirements. Indeed, A has the correct simplicial boundary. One 
calculates that (d + S)X — 0, and since n > 1 we have that [A Af ] = for I > 2 for 
degree reasons. Therefore A G 7n+2(0)- D 

For a complete Loo-algebra 0, the zeroeth homology Ho(0) is an ordinary (un- 
graded) Lie algebra, and it can be given a group structure via the Campbell- 
Hausdorff formula 

a-0 = log(e a e /3 ). 
The first few terms of this formula are given by 

a ■ p = a + [3 + i[o, [3] + i[a, [a, [3]} + i[[a, /?],/?] + .. . 
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see e.g., [32]. The series converges as g is complete. 

Proposition 4.4. The map Bq: Ho(g) — > 7Ti(g) is a group homomorphism when 
Ho(g) is given the Campbell-Hausdorff group structure. 

Proof. Given cycles a, (3 £ g , the product of [a ® w] and [[3 ® w] in 7Ti(g) is 
represented by <9iA where A S 72(0) has simplicial boundary 

(5) dX = (a®u,di\, (3®oo). 
As in the proof of Proposition ^. 31 consider the element 

Ao = (d + 5)(a ® W2 — y8 <8 wo) 

= a ® W12 + (a + /?) ® w 2 + /3 ® woi- 

It is not necessarily a Maurer-Cartan element, but by jTTJ Lemma 5.3], there is 
a unique element A £ 72(0) such that (d + 5)h 1 X = Ao- For degree reasons, the 
recursive formula [TTJ (5-20)] defining A = lim^oo Xk simplifies to 

Afc+i = A - -(i^ + sa)[Afe, A fc ]. 

It follows that A £ g ® ^2; whence 9iA 6 flo ® Since we also have diX £ 71(g), 
this element must be of the form 

diX = £ ® wqi 

for some £ e go- The coefficient is determined by £ = 1qi(9iA) = /02(A). One finds 
that /02(A) is given by the Campbell-Hausdorff formula for a and f3, cf. [TTJ p. 
296]. □ 

Fibration sequences. Let — > g' A g A g" — > be a short exact sequence of 
complete Loo-algebras. Then there is an associated fibration sequence 

7.(0') -> 7.(0) -^7- to"). 

whence a long exact sequence of homotopy groups 

•••->■ 7T n+2 (fl") ^> 7T«+l(0') -> 7rn+l(fl) -> TTn+lto") 

On the other hand, the short exact sequence also induces a long exact sequence in 
homology 

H„ +1 (g") f ^ H„(g') -> H„(g) -> H„(g") 

Proposition 4.5. Let -> g' 4 g 4 g" -> &e a s/iort exact sequence of complete 
Lao-algebras. The diagram 

(6) H^fl'O-^H^to') 



(-1)"B„ 



TTn+lto") TTntoO 

commutes for all n > 1. 7/g' is abelian, then it commutes for n = ako. 

Proof. For a cycle a" € g^ the class 9 ff [a"] is represented by any cycle j3' £ Q' n _i 
such that 

Oi I e "> n»" 
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If we chase [a"] £ H n (g") around the diagram ©, we get the following picture: 



[a"] h 



(-1)"B„ 



(-l) n [a" ® w n+1 ] h-^ \p' ® w n ] 
To compute 9 7r (— l) n [a" ® w n+1 ] we need to find a lift A in the following diagram 

A°[n + 1] ( ~ ,0 '"" 0) » 7.(0) 



A[n + 1] - ^ 7.(0") 

(-1) a ®w 

Then cfoA is an element in 7 n (fl') that represents l)™[a" ® w n+1 ], cf. [TS1 Ch. 
1.7]. We claim that 

A := (d + 6) (a <E> wg) = /3 <S> w 6 + (-l) n a (g) w n+1 

can be chosen as a lift. Indeed, A is a Maurer-Cartan element because (d + <5)A = 
and [A A ^] = for I > 2 and n > 1 for degree reasons. Furthermore, we clearly have 
e(A) = {-l) n a"(g>uj n+1 and 9,A = for < i < n + 1. It follows that 9 7r (-l) n [a" ® 



,n+l' 



is represented by <9 A = /3 <g> w™. Thus, = (-l)"5„d ff . 



□ 



Towers of fibrations. Let q = hm g( r ) be an inverse limit of a tower of surjections 
of complete Loo-algebras 



(r) p (r-Vl 



0. 



Then we get a tower of Kan fibrations after applying the functor 7. (— ), whence a 
lim -sequence of homotopy groups (cf. [5l Theorem IX. 3.1]) 

* >■ ^n 1 T n +i(g W ) >■ 7r„(lim7.(gM)) ^ lim7r„(£| (r) ) s- * 



There is also a lim 1 -sequence associated to the tower of surjections of chain com- 
plexes 



0- 



■ lim 1 H n+1 ( fl M ) ^ H„ (g) ^ lim H„ ( fl M ) 







Let us recall the definition of lim 1 for groups, cf. [5J IX. §2]. Given a tower of groups 

> G r A G r _i G_i = *, 

^rn 1 G r is defined as the set of equivalence classes 

r 

where (a; r ) r ~ (y r ) r if there is a sequence (g r ) r such that 
S/r = grXripgr+iy 1 , for all r > 0. 
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Proposition 4.6. Let {g^} r be a tower of surjections of complete Loo-algebras 
and let g = hmg( r '. The diagram 

^ hV H„ +1 (g«) »- H„(g) f — ,|mH„(jW) 



(-l) k lim 1 B„ +1 



B„ 



lim B„ 



lim 1 ^ l+2 (g (r) ) ^+i(lim 7 .(gM), 0) ^m7r„+i(flW) »- 

is commutative for all n > 0. 

Proof. The right square commutes by naturality of the map B n . To show that the 
left square commutes, we must first recall how the kernels of the maps f H and f* 
are identified with the respective l < im 1 -groups. 

Let [(a r ) r ] be an element in the kernel of f H : Hfc(fj) — > lim Hfc(g( r )). This means 

that each a r g g„ is a boundary; say o/3 r — a r . Since pa r +i = a r for all r, the 
element p(3 r +i — /3 r is a cycle. The identification 

ker/^^^Um 1 H n+1 (g«) 

is effected by sending the class [(av) r ] to the equivalence class represented by the 
sequence ([p/3 r +i - Pr])r G Ilr H„+i(g (r) ). 
The identification 

ker/^^^HmV^CflW) 

goes as follows (cf. [5, IX. §3]). Given an element [(a r ) r ] in the kernel of /"', each 
[o r ] 6 7Tn+2(g' r ' 1 ) is trivial, so there are (n + 2)-simplices 6 r G j n +2(2^) with 
simplicial boundary 

96,. = (a r , 0, . . . , 0). 

Choose a filler c r G 7«+3(g'' r ' ) ) for the horn 

{pb r+1 ,b r , -, 0, . . . , 0) : A 2 [n + 3] -> 7 .(g). 

Then d(d2C r ) = (0, . . . , 0), so c>2C r represents a homotopy class in 7r n+2 (g^ r ^). The 
element [(a r ) r ] is sent to the equivalence class in Hm 7r n _|_2(fl^) represented by the 
sequence 

r 

Let [(a r ) r ] be an element in the kernel of f H . The map B n : H„(g) — » 7T n +i(fl) 
sends [(a r ) r ] to the class [(a r ) r ] where a r := a r ®u) n+1 . By commutativity of the 
right square this class belongs to the kernel of f* . To prove commutativity of the 
left square, it suffices to prove that a filler c r may be chosen such that 

(7) [d 2 c r ] = (-l) n [(pf3 r+ i - ft.) <g> u n + 2 ] G 7r„ +2 (g (r) ), for all r > 0. 

To this end, first observe that, in the notation above, we may choose 

b r = (d + S)((3 r ®w 6 ) 

= a r ® cj 6 + (-I)" +1 /3 r ® w™+ 2 . 

Indeed, 96 r = (a r ,0, ...,0) and b r G 7n+2(fl^)- Next, consider the following 
element of (g( r ) ® fi n+3 )_i: 

A = (d + (5)((-I)™a r <g) W 3 ...n+3 - /3r ® W 3...n+3 ~ P/3r+l ® Wi 3 ...„ +3 ) 
= a r ® CJ2...n+3 + (-l)" + V/3r+l ® Wl...n+3 



+ (-I)" +1 /3 r ® W 02 ...„ +3 + (-l) n (p y S r+ l - f3 r ) ® Wbl3. 



.n+3- 
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It has simplicial boundary 

dX Q = ( P b r+U b r , (-l) n ( P /3 r+1 - fi n ) ® uj n+2 , 0, . . . , 0). 

Clearly, (d + <5)A = 0. If n > 1, then for degree reasons [Xq 1 ] = for any I > 2. 
This is also true for k = 1 by direct calculation. Thus, if n > then Ao is a 
Maurer-Cartan element and we may choose c r — Ao G 7„ + 3(g( r )) as our filler. In 
this case we are done because 82X0 — ( — l) n (pA-+i — fir) ® w™ +2 , so that (0 is 
fulfilled already before passing to homotopy classes. 

The case k — requires a little more care. Then we have that 

X = a r (g) LO23 ~ pfir+1 <8> W123 - fir® W 23 + [pfir+1 ~ fir) ® W 13- 

One verifies easily that [Aq ] = for £ > 3, but 

-[A , Ao] = - [a r ,p(3 r+1 - fi r ] ® -t 3 Woi23, 

so Ao is not necessarily a Maurer-Cartan element. However, by [171 Lemma 5.3] 
there is a unique element A G 73(0^) such that e|A = and P3-R3A = Ao- Moreover, 
this element has the property that 9,(A) = 9,(Ao) for i 5^ 2. Therefore, we may 
choose c r := A as a filler, and it remains to verify that ([7]) holds. 

The element is obtained as a limit A = lim^oo Afe , where Afe is defined by the 
iterative formula 

e>2 

for a certain operatoiQ F: f2cj — > fijj -1 . In the first iteration, a calculation yields 

Ai = A - [a r ,p(3 r+1 - /3 r ] <g> F(^t 3 uj 012 3). 
Observe that since a r = Sfi r and pfi r +i — fir is a cycle, we have that 

[a r ,p/3 r+ i - fi r ] = S[fi r ,pfir+1 ~ fir], 

so Ao — Ai is a (5-boundary. Moreover, A — Ai G g^ ® 0|. By an induction that 
we leave to the reader, the same is true for all k: 

• Ao — Afc is a (5-boundary. 

• A - A fe G g^ r) ® n|. 

This implies that ^(Ao) — 92(A) is a 5-boundary in jj^ <g> fl|. Now, ^(Ao) = 
{pfi r+ i-fir)®uJ 2 G g^O 2 .. Therefore 9 2 (A) G g^ft 2 . Since also d 2 { A) G 7 2 (g (r) ) 
this implies that 82(A) = (®w 2 for some cycle £ G g^"*. Moreover, £ andp/S^+i — fi r 
differ by a boundary, whence 

[d 2 (X)} = [(pfir+l - fir)®L0 2 ] G 7T 2 ( fl W), 

by well-definedness of the map B\ : Hi(g( r )) — > 7^(0^). Thus ([7J is satisfied for 
c r = A, and this finishes the proof. □ 

Theorem 4.7. Let q be a complete Loo-algebra. The map 

B n : H„(g) ->■ 7r n+ i(7.(g), 0) 

is an isomorphism of groups for all n > 0, where Ho(g) is given the Campbell- 
Hausdorff group structure. 



F = P3/13 + S3 in the notation of |17l . 
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Proof. For abelian g this follows from the fact that 7, (g) is isomorphic to the Dold- 
Kan construction on the suspended chain complex g[l] [T71 Proposition 5.1]. For 
nilpotent g the claim follows by repeated application of Proposition 14.51 and the 
five lemma. Finally, for complete g it follows from Proposition 14.61 and the five 
lemma. □ 

The components of 7. (g). So far, we have only been concerned with the ho- 
motopy groups of 7,(0) at the base-point 0. The arguments given above can be 
adapted to work for an arbitrary base-point r G MC(g). Alternatively, the follow- 
ing will reduce everything to the base-point 0. Recall the definition of the twisted 
Loo-algebra g T from 

Lemma 4.8. Let g be a complete Loo-algebra and let r G MC(g). Then 
MC(g r ) = {aeg_ 1 |a + T6MC(g)}. 

Proof. After writing them out, the conditions a G MC(g T ) and cr + r e MC(g) both 
turn out to be equivalent to 

— ttt cr , r = U 

n,k>0 

(where an empty bracket is interpreted as zero). □ 

If X is a Kan complex and v is a vertex of X, then let X v denote the simplicial 
subset of X consisting of the simplices all of whose vertices are v. In other words, 
an rt-simplex x belongs to X v if and only if d^^d^x = v for all < i < n. The 
simplicial set X v is a Kan complex and it is reduced in the sense that it has only 
one vertex. The inclusion X v C X induces a homotopy equivalence between X v 
and the connected component of X containing v. 

Proposition 4.9. Let q be a complete Loo-algebra. For every Maurer-Cartan ele- 
ment t in q there is an isomorphism of of reduced Kan complexes 

7.(fl)r = 7.(fl T )o- 

Proof. Since, evidently, g T Cg)f2 n = (g(£)£ln) T it follows from Lemma 14.81 that n- 
simplices x of 7»(g T )o correspond bijectively to n-simplices r + x of 7»(g) T ) and it 
is obvious that this bijection respects face and degeneracy maps. □ 

Theorem 4.10. Let g be a complete Loo-algebra. For any Maurer-Cartan element 
t G MC(g) and every n > the map 

Bl: H n (g T )^„ +1 ( 7 .(g),T), B T n [a] = [r + a ® oj n+1 ], 

is an isomorphism of groups, where Ho(g T ) is given the Campbell-Hausdorff group 
structure. 

Proof. This follows by combining Theorem 14.71 and Proposition 14.91 □ 

For each integer m the truncation g> m of g is the sub Loo-algebra whose under- 
lying chain complex is 

Sm + 2 fim+1 , / r \ n 

► 0m+2 -* Sm+i ker(d m ) -> ->• • • • 

The inclusion g> m — > g induces an isomorphism in homology H„(g> m ) ^> H„(g) 
for n > m. 

Corollary 4.11. Let g be a complete Loo-algebra. For any Maurer-Cartan element 
t G MC(g), the inclusion g> C g T induces a homotopy equivalence of reduced Kan 
complexes 

7.(fl> ) — =*7.(fl)r. 



14 



ALEXANDER BERGLUND 



In particular, if q is of finite type, the Chevalley-Eilenberg construction C*(g> ) is 
a Sullivan model for the connected component 0/7,(9) containing r. 



Proof. By Proposition 14.91 we may assume that r = without loss of generality. 
It is clear that the image of 7»(fl>o) ~~ ► 7»(fl) is contained in the simplicial subset 
7«(fl)o- We need to show that the resulting map 

7.(fl>o) -> 7.(0)0 

is a homotopy equivalence. Since both the source and target are reduced Kan 
complexes, this happens if and only if the map induces an isomorphism on n n (at 
the unique base-point) for all n > 1. Since g>o — > Q induces an isomorphism in 
homology in non-negative degrees, Theorem l4.7l together with naturality of the map 
B n finishes the proof; for all n > 



H n (g>o) 



H„( ) 



7Tn+l(fl>o) 



B„ 



■ 7Tn+l(0)- 



The last statement follows from Proposition 13. 2 



□ 



Naturality. Let us be more explicit about the naturality of the map in Theo- 
rem HTTUJ Given an Loo-morphism /: g — > f) between complete Loo-algebras there 
is an induced map /* : MC(g) — > MC(f)) given by 



' nl 



ri>0 



Moreover, for each r G MC(g) there is an induced Loo-morphism f T : g r — > f)-f*( T ) 
given by 

fn(xi, . . . ,X n ) = ^ yifn+l(T M ,X!, . . .,I„). 



Naturality means that the following diagram is commutative: 



H n (ff) 



H„(D 



7T n+ i(7.(f|),T) 
■TTn+l (7. (&),/»(-?-)) 



H n ([)/*W) 

We leave the verification to the reader. 

5. Application: rational models for mapping spaces 

In this section, we will show that the mapping space Map(X, Yq) is homotopy 
equivalent to 7. (A®L) where A is a cdga model for X and L is a profinite Loo- 
algebra model for Y. Once this is established, Theorem ll.4l will follow by applying 
Theorem 1 1.1 1 and Corollary 1 1.2 1 to the Loo-algebra A®L. 

The simplicial deRham algebra f2, gives rise to a (contravariant) adjunction 
between simplicial sets and commutative differential graded algebras 



sSet 



' CDGA? 



<-> 

Cl(X) = Rom sSe t(X, fi.), (B> = Ham ccl90 (B, fi.). 
The cdga Q(X) is the Sullivan-deRham algebra of polynomial differential forms on 
X, and (L?) is the spatial realization of B. It is a fundamental result in rational 
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homotopy theory that the adjunction induces an equivalence between the homotopy 
categories of nilpotent rational spaces of finite Q-type and minimal algebras of finite 
type, see [HG2]. The category of cdgas is enriched in simplicial sets via 

Map cdga (B, A) = Kom cdga (B, A ® Q.), 

see [H §5], and the category of simplicial sets is enriched in itself via 

Map sSet (X,Y) = Horn, Set (X X A[.],F). 

It is natural to ask to what extent the adjunction above is compatible with the 
simplicial enrichments. This has been answered by Brown and Szczarba. 

Theorem 5.1 (Brown-Szczarba pj Theorem 2.20]). Let X be a connected simpli- 
cial set and let B be a finite type Sullivan algebra. There is a natural homotopy 
equivalence of Kan complexes 

BS: Mw cdga (B,Q(X)) ^ Map sSet (X, (B)). 

Furthermore, the functor M&p cdga (B , — ) takes quasi-isomorphisms between commu- 
tative differential graded algebras to homotopy equivalences between Kan complexes. 

We give a short proof using nerves of Loo-algebras below. The following is a 
consequence. 

Theorem 5.2. Let X be a connected simplicial set and let Y be a nilpotent space 
of finite Q-type. If L is a profinite Loo-model for Y and A is a cdga model for X, 
then there is a homotopy equivalence of Kan complexes 

M&p{X,Y Q ) ~7.(A®i). 

Proof. By the Sullivan-deRham localization theorem [U §11.2] we may take the 
spatial realization Yq — (C*(L)) as a Q-localization of Y. The Brown-Szczarba 
theorem applied to B — C*(L) yields a homotopy equivalence between M&p(X, Yq) 
and Map cdga (C* (L), A). It follows from Lemma [231 that there is an isomorphism of 
simplicial sets Map cdga (C* (L), A) = MC.(A®L). Finally, the inclusion 7. (A&L) -» 
MC.(A(g)L) is a homotopy equivalence. □ 

Remark 5.3. If A is a finite type cdga and L is a profinite Loo-algebra, then there 
is an isomorphism of complete Loo-algebras A<S>L = Hom(C, L) where C = A v is 
the dual edge. If either A or L is finite, then A®L = A® L. 

Proof of Theorem [57TJ We now embark on a proof of Theorem 15. ll The theorem 
is reformulated in the language of nerves of Loo-algebras as Theorem 15.51 below. 

Proposition 5.4. Let X be a simplicial set and L a complete Loo-algebra. There 
is a natural map 

fi: MC(Sl(X)®L) -> Rom sSe t(X, MC.(L)) 
which is an isomorphism if X is finite or if L is profinite. 

Proof. We define the map for nilpotent L first. Given r G MC(0(JC) ® L), define a 
simplicial map f:X—t MC.(L) as follows. Given an n-simplex x: A[n] — > X, we 
let f(x) G MC„(L) be the image of r under the map 

x* : MC(n(X) ® L) -> MC(Q n ® L). 

It is straightforward to check that / is a simplicial map, and we set h(t) = f . The 
map fi is evidently an isomorphism for X = A[n]. Since — ® L commutes with 
finite limits, the functor MC(f2(— ) ® L) takes finite colimits to limits. The functor 
Hom s 5 et (— , MC.(L)) preserves all limits, so it follows that /i is an isomorphism for 
finite X. On the other hand, if L is finite then — ® L commutes with all limits and 
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in this case we get an isomorphism for arbitrary X. Finally, for complete L the 
map /i is defined as the map induced on inverse limits 

Um MC(0(X) <g> L /F r L) -> lim Hom sSe( (X, MC. (L /F r L)), 

and by the above this is an isomorphism if X is finite or if each L/F r L is finite. □ 

Theorem 5.5. Let X be a simplicial set and L a non- negatively graded complete 
Loo-algebra. There is a natural homotopy equivalence of Kan complexes 

tp: MC.(0(X)(g)L) -> Map(X, MC.(L)). 

Furthermore, the functor 

MC.(-<g>L) : CDGA ->■ sSet 

iafces quasi-isomorphisms to homotopy equivalences between Kan complexes. 
Remark 5.6. There is a commutative diagram 

MC.(Cl(X)®L) — >■ M&p(X, MC.(L)) 

Ma Pcd3Q (C*(L)MX)) Map(X, (C* (L)». 

Therefore, in view of Proposition [2?2l Theorem [53] is a reformulation of the Brown- 
Szczarba theorem. 

Proof. We define the map tp for nilpotent L first. On n-simplices, the map tp n is 
defined as the composite 

MC n (Q(X) ®L) = MC(fi(A[ra]) O(X) ® L) 

^> MC(Q(A[n] xI)®L) 

4Hom sSet (A[7i] x Z,MC.(L)) 
= Map(X,MC.(i)) n , 

where 7r is induced by the natural morphism of edgas Q(A[n]) — > f2(A[n] x 
X), and jtx is the map described in Proposition 15.41 By naturality of all maps 
involved, tp respects the simplicial structure. For complete L, we define tp to be the 
induced map on inverse limits 

hm MC.(Q(X) <g> L/F r L) -> fimMap(X, MC.(i/F r i)). 

The proof that ^ is a weak equivalence is by reduction to the abelian case. For 
abelian L, the map tp is a weak equivalence because it follows from Proposition 13. 31 
that tp is equivalent to the natural map 

r.(0(X) ® L[l]) -> Map(X, r.(L[l])). 

But r.(L[l]) is a product of rational Eilenberg-MacLane spaces, and by standard 
arguments the homotopy groups of the right hand side are given by H*(X;Q) <g> 
H*(L)[1]. Next, we note that both source and target of tp take central extensions 
of Loo-algebras to principal fibrations, so we can induct on a composition series for 
L to conclude that tp is a weak equivalence for all nilpotent Loo-algebras L. For 
complete L, we get a levelwise weak equivalence of towers of fibrations 

MC.(f2(X) <g> L/F r L) ^ Map(X, MC.(L/F r L)). 

Hence, we get a weak equivalence when passing to inverse limits. This finishes the 
proof of the first statement. The proof that MC,(— ®L) takes quasi-isomorphisms 
to weak equivalences is proved by a similar reduction to the abelian case. □ 
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6. Examples 

Finite rational cohomology or homotopy. If H*(A; Q) or 7r*(F) £g Q is finite, 
then for a fixed map g : X — >• Y , composition with the Q-localization map r : Y — > 
Yq induces a rational homotopy equivalence 

Map(A, Y; g) Map(X, Y q ; rg). 

If X has finite dimensional rational cohomology, we can find a finite dimensional 
cdga model A (see e.g. [HJ Example 6, p. 146]). Likewise, if 7r*(Y) ® Q is finite, 
then we can find a finite dimensional nilpotent Loo-algebra model L for Y. In 
either of these situations, A<E)L = A <E> L, and given a Maurer-Cartan element 
t G MC(^4 (g) L) that represents the map rg: X — » Iq, the truncated and twisted 
Loo-algebra A eg L> is an Loo-algebra model for the component Ma,p(X,Y; g). 
Equivalently, the Chevalley-Eilenberg construction C* (v4cgL> ) is a (not necessarily 
minimal) Sullivan model for Map(A, Y; g). In particular, we have an isomorphism 
of graded Lie algebras 

7r, + i(Map(X, Y), /) (g) Q = H*(A (g) L T ), * > 0. 

Here, tti eg Q is interpreted as the Malcev completion of the nilpotent group tti [3T1 
§A3], and Ho(^4 ® L T ) is given the Campbell-Hausdorff group structure. 

Maps into Eilenberg-MacLane spaces. A simply connected space Y is ratio- 
nally homotopy equivalent to a product of Eilenberg-MacLane spaces if and only if 
L = 7T* (Siy)egQ, viewed as an Loo-algebra with zero differential and zero brackets, is 
an Loo-model for Y. In this case A®L is abelian for any cdga A, and A<S>L T = A<S>L 
for any r. By choosing a quasi-isomorphism of chain complexes A — » H*(A) 
(not necessarily a cdga morphism) we get a quasi-isomorphism of abelian Loo- 
algebras A eg L — > H*(A) eg L. Therefore, all components of Map(X, Yq) are ra- 
tionally homotopy equivalent and they have a minimal abelian Loo-algebra model 
(H*(A;Q) (g> 7r* (S!Y"))>o. So each component is a product of rational Eilenberg- 
MacLane spaces whose homotopy groups are given by 

7r fc+1 (Map(X,y Q ),/) £* (H*(X;Q) ® 7r»(fiy)) fc , fc > 0. 

Inclusions of complex projective spaces. Consider the standard inclusion 
i: CP™ — > CP m where m > n > 1. As a cdga model for CP™ we may choose 
the cohomology 

A = H*(CP";Q) = Q[x]/(x n+1 ), \x\ = 2. 
A minimal Loo-algebra model for CP'™ is given by 

L = n»(riCP m )®Q = (a,0), \a\=l, \0\ = 2m, 
where the only non- vanishing bracket is 

-, 1 - K™ 1+1 ] = p. 

(rn + l)! L J 

The twisting cochain r = i®aei0L represents the inclusion i: CP™ — > CP™ 1 . 
Thus, an Loo-model for the component Map(CP™, CP™ 1 ; i) is given by the finite 
dimensional Loo-algebra g = A (g L> , and the Chevalley-Eilenberg construction 
C*(g) is a Sullivan model. A basis for g is given by 

2m 2m - 2 • • • 2m - 2n 1 

1 eg) P x®P ■■■ x n ® P I® a 

The Loo-algebra structure is described by 

® a) Ar ] T = ( m + lN ) x™ 1+1 " r ® p. 
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Since /? is central in L, it follows that the elements x r ® (3 are central in g, so the 
only possible non-zero brackets are described by the above. Note that we get zero 
if r < m — n since x n+l = 0. In particular, the differential is zero if m > n, and in 
this case the Chevalley-Eilenberg construction C*(g) is a minimal Sullivan model 
for Map(CP",CP m ;i). It has the following description: 

A(z,w m - n ,w m - n+1 , . . . , w m ), dz = 0, dw r = z r+1 , \z\=2, |w r |=2r + l. 

On the other hand, if m — n, then we have a non-zero differential [1 (S> ct] T — 
(n+l)x n ®(3, and hence 7r*(Map(CP rl , CP™); 1)©Q is concentrated in odd degrees (as 
predicted by Halperin's conjecture, see below) with precisely one basis element each 
in the degrees 3, 5, . . . , 2n + 1. The minimal Sullivan model for Map(CP", CP"; 1) 
is therefore an exterior algebra on the dual of the rational homotopy with zero 
differential: 

A(x 3 ,x 5 ,...,x 2n +i), dxi = 0, \xi\ = i. 

On the Halperin conjecture. Let X be an Fo-space, i.e., a simply connected 
space with evenly graded rational cohomology such that both diniQ H*(A"; Q) < oo 
and dimQ7r*(X) €3 Q < oo. Then X is formal and the cohomology algebra admits 
a presentation 

R*(X;Q) = Q[x 1 ,...,x n }/(f 1 ,...J n ), 

where x\, . . . , x n are evenly graded generators and /i, ...,/„ is a regular sequence 
|21j . Halperin's conjecture says that for such spaces X, the component auti(X) 
of the space of homotopy self-equivalences of X that contains the identity map is 
rationally homotopy equivalent to a product of odd dimensional spheres. Equiv- 
alently, the rational homotopy groups 7r*(aut X, 1) ® Q are concentrated in odd 
degrees. Using the model in Theorem II .41 we get a new proof of the following. 

Theorem 6.1. (Meier |29] ) Let X be an Fo-space. Then the Halperin conjecture 
holds for X if and only if the cohomology algebra H*(X;Q) admits no derivations 
of negative degree. 

Proof. A minimal model for X is given by 

Q[xi,...,x n ] <g) A(yi, . . . ,y„), dxt = 0, dy { = fa. 

Here yi is a generator of odd degree = \fi \ — 1. The dual Loo-algebra L is given 
by 

L = L odd © L even = (ai, . . . , On) © (f3i, . . . ,[3 n ), 

where | ck^ | = \xi \ — 1 are odd and \/3i\ = \yi\ — 1 even. We have an isomorphism of 
rational vector spaces for every n > 0, 

7r„ +1 (autX,l x )®Q = H n (A©L,^), = ^ ik A£ ,£L 

where the Maurer-Cartan element ir is given by tt = a;j <8> on + yi ® Hence, 
the Halperin conjecture holds for X if and only if 

H n (A ® L, £)"■) = 0, for all odd n > 0. 

Since L even is central in L, we have that D 7r (A <g> L even ) = 0. Thus, 

H odd (A ® L, D^) = kcr(L> 7r : A ® L oe2d -> ^ © L el , e „). 

The differential Z?^ is ^4-linear, and a calculation yields 

^(l©a,) = Eg^. 

3=1 * 
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Therefore, an element J^iPi o>i £ A <S> L dd belongs to the kernel of D 7r if and 
only if 

i— 1 

But this is true if and only if ^2iPi-^~ defines a derivation of A. Thus, we obtain 
an isomorphism 

n n q 

ker(D* : A <E> L odd A <g> L even ) = DerA, J~]pj <E> at i-> y^P?^-- 

i=l i=l 1 

This shows that H„(A <g) L,D V ) = for all odd n > if and only if A admits no 
negative (in cohomological grading) derivations. □ 

Homotopy automorphisms of formal and coformal spaces. In pQ, the fol- 
lowing characterization of spaces that are both formal and coformal was established. 

Theorem 6.2 ( 1 ]). The following are equivalent for a connected nilpotent space 
X of finite Q-type: 

(1) X is both formal and coformal. 

(2) X is formal and H* {X ; Q) is a Koszul algebra. 

(3) X is coformal and 7r*(fiX) (g> Q is a Koszul Lie algebra. 

In this situation, homotopy is Koszul dual to cohomology in the sense that 

ir4nX)(g>Q = R*(X;Q)'- L '-. 

That the cohomology H*(X;Q) is a Koszul algebra means that it is generated 
by elements a;, modulo quadratic relations J^i Cij x i x j = such that Tor^ 4 (Q, Q) 
I j for s 7^ t, where the extra grading on Tor is induced by wordlength in the 
generators Xi. That tt^(HX) Q = H* (X;Q)- Li ° means that, as a graded Lie 
algebra, 7r*(OX) ® Q is generated by classes cti dual to Xi modulo the orthogonal 
relations: a relation 

^Xijla^otj] = 

i,j 

holds if and only if 

£(-1)1*1^=0 

whenever the coefficients cy represent a relation among the generators Xi for 
H*(X;Q). 

The component of the mapping space Map(X, X) that contains a fixed homo- 
topy self-equivalence is equal to the same component of aut(X), since any map 
homotopic to a homotopy equivalence is itself a homotopy equivalence. Moreover, 
7Ti(aut(X), lx) is an abelian group as aut(X) is a monoid. By combining Theorem 
11.41 and Theorem 16.21 we obtain the following theorem. 

Theorem 6.3. Let X be formal and coformal nilpotent space such that either 
dhxiQ H*(X; Q) < oo or dimQ7r*(X) ® Q < oo. Then there is a finite basis 
X\, . . . , x n for the indecompo sables of the cohomology algebra H*(X; Q) and a dual 
basis Qi,...,a„ for the indecompo sables of the homotopy Lie algebra 7r»(i7X) ® Q. 
Setting k = x% <g> a% + . . . + x n <S> a„ £ H*(X; Q) ® ir*(QX), the derivation [k, — } is 
a differential, and there are isomorphisms 

7r fc+1 (autp0, l x ) ® Q = H fc (H*(X; Q) ® 7r*(QX), [k, -]), k > 0. 

In [1] , we use this result to calculate the rational homotopy groups of the space 
of self-equivalences of highly connected manifolds. 
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